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SMOOTH REPRESENTATIONS AND SHEAVES
U.JANNSEN, M.ROVINSKY
To Pierre Deligne on the oasion of his 65th birthday
Abstrat. The paper is onerned with `geometrization' of smooth (i.e. with open stabilizers)
representations of the automorphism group of universal domains, and with the properties of `geo-
metri' representations of suh groups. As an appliation, we alulate the ohomology groups
of several lasses of smooth representations of the automorphism group of an algebraially losed
extension of innite transendene degree of an algebraially losed eld.
Our motivation omes from an attempt to understand interplay between geometry (K-groups)
and topology (ohomology) of algebrai varieties, expressed in the motivi onjetures, through
representations of ertain `big' totally disonneted topologial groups, f. [R4℄. However, in this
paper we reverse the point of view and study `geometrization' of suh representations.
0.1. Notations and terminology. Let k be a harateristi zero eld, F |k be an algebraially
losed extension of ountable transendene degree, and G = GF |k be the group of eld automor-
phisms of F leaving k xed. Let B be the olletion of the pointwise stabilizers of the nite subsets
in F , i.e., the subgroups of type GF |L for subelds L of F |k of nite type.
We onsider G as a totally disonneted topologial group with base of open subgroups B. These
notions are realled in Appendix A.
For a totally disonneted group H an H-set is alled smooth if the stabilizers of all its elements
are open.
Let E be a eld endowed with a smooth H-ation (by eld automorphisms).
Denote by SmH(E) the ategory of smooth E-semilinear representations of H, i.e., E-vetor
spaes V endowed with a smooth additive ation of H suh that h(ev) = he · hv for any e ∈ E,
h ∈ H, v ∈ V . We set SmH := SmH(Q). Here the H-ation on Q is trivial, whih is the only
possibility in the ase H = G.
The full subategory IG of SmG, whose objets are `homotopy invariant', is dened on p.5.
For a variety X over a eld we denote by CHq(X) the (Chow) group of yles of odimen-
sion q modulo rational equivalene, i.e., modulo divisors of rational funtions on subvarieties of
odimension q − 1.
For an abelian group A we set AQ := A⊗Q.
For a unitary ommutative ring A and A-algebras A1 and A2 denote by {A1
/A
−→ A2} the set of
unitary A-homomorphisms A1
/A
−→ A2. (If A1 is a eld then the homomorphisms are injetives, so
the notation will be {A1
/A
→֒ A2}.) If S is a set then A[S] denotes the free A-module with basis S.
An algebrai losure of a eld L is denoted by L, if L is a subeld in F then L denotes the
algebrai losure in F .
0.2. Context and ontent. We are interested in interplay between algebrai geometry and repre-
sentation theory of G. Various geometri ategories are linked to the representations of G by fully
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elds, smooth representations, Grothendiek topologies.
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faithful funtors. An example of suh full embedding is given in Appendix B, more examples are
in [R1, Theorem 1.1, Proposition 4.3℄. It is explained in [R2, Corollary 7.9℄ that it is espeially
important for geometri appliations to desribe the irreduible smooth representations of G (or at
least `homotopy invariant' ones among them, f. p.5 below).
It is well-known that for any totally disonneted group H the smooth (i.e. with open stabilizers)
H-sets and their H-equivariant maps form a topos, f. Appendix A.1.
In this paper, we introdue two sites, alled the dominant and the Hartogs topologies, respetively.
They are quite dierent from that desribed in A.1 in the ase of H = G.
In a way similar to GaloisGrothendiek orrespondene, Lemma 1.1 desribes the smooth G-sets
as the sheaves in the dominant topology. Then we apply the standard sheaf-theoreti tehniques
to the study of the ohomology of smooth G-modules. Roughly, one of our results (Corollary 3.8)
states the ayliity of the smooth G-module orresponding to the dominant sheaation of a
presheaf on the ategory of smooth k-varieties.
We dedue in Corollary 3.9 that for E = Q or E = F (with the standard G-ation) the ategory
SmG(E) is of innite ohomologial dimension, whih is quite expetable.
However, there are `too many' smooth representations of G, f. Appendix A.5. For this reason,
instead of studying all smooth representations of G, one an try to restrit the ategory of onsidered
representations. More partiularly, one an look for the irreduible F -semilinear representations of
G ontaining `homotopy invariant' representations, expeting that there are `very few' of them.
To explore this option we introdue in 4 a funtor from the ategory of smooth representations
of G to the ategory of sheaves in the Hartogs topology. From the point of vue of this funtor, the
`homotopy invariant' representations `look as loal systems' (Proposition 4.1), and the `interesting'
F -semilinear representations of G are `globally generated' (Remark 1 after Lemma 4.2).
Homologial mahinery ould be applied to several lasses of questions. We mention just four
examples.
(1) The ayliity of some lasses of representations is often ruial, e.g. for the knowledge of
the struture of some o-indued representations, f. 0.3.
(2) One knows several ases when the Hom-groups in the triangulated ategory of mixed motives
turn out to be related (dual) to orresponding Ext-groups in the ategory of `homotopy
invariant' representations of G, f. [R1℄. So one of the problems is to nd other Ext-groups
in the ategory of `homotopy invariant' (and more generally, smooth) representations of G
and ompare them with the onjetural values of orresponding Ext-groups in the onjetural
ategory of mixed motives.
(3) There are some onjetures oming from geometry: on the semi-simpliity of the graded
quotients of the level ltration N•, f. [R1, Conjeture 6.9℄, on the splitting of the ltration
F•, ibid, et.
(4) It is desirable to enlarge the ategory of `homotopy invariant' representations and relate it
to the ategory of eetive mixed motives, so that in partiular, this bigger ategory would
ontain objets like F× and Q was still a projetive objet.
0.3. From modules over Heke algebras to modules over subquotient groups of G. In
the standard type of semi-simpliity or irreduibility riteria of G-modules of Appendix A.3, it
would be natural to replae the semi-simpliity or the irreduibility onditions for the modules
over the Heke algebras by the orresponding onditions on representations of the groups GF ′|k
for the algebraially losed extensions F ′|k in F of nite transendene degree. This is how the
semi-simpliity of the G-module Bq(XF ) is established in [R1, Proposition 3.8℄. (Here B
q(XF ) is
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the Chow group CHq(XF )Q modulo the `numerial equivalene over k'.) More preisely, this is
based on the following
Lemma. Let W ∈ SmG. If HomG(Z
dimX(k(X)⊗kF ),W ) = HomG(CH0(XF ),W ) for any smooth
proper variety X over k then W is semi-simple if and only if the GF ′|k-module W
GF |F ′
is semi-simple
for any algebraially losed F ′ of nite transendene degree over k.
Proof. Clearly, WGF |L′ = WGF |L for any purely transendental extension L′|L in F |k, i.e.,
W ∈ IG, f. p.5 and [R1℄.
By the semi-simpliity riterion of Appendix A.3, Remark 1, p.13, the G-module W is semi-
simple if and only if for any L′|L as above with L of nite type over k and F algebrai over L′ the
HGF |L′ -module W
GF |L′
is semi-simple. Here HGF |L′ := hL′DQ(G)hL′ ⊇ 〈hL′σhL′ | σ ∈ G〉Q is the
Heke algebra and hL′ is the Haar measure on GF |L′ .
As W is a quotient of a diret sum of objets of type CH0(XF )Q, the ation
DQ(G) ⊗W
GF |L−→Q[G/GF |L]⊗W
GF |L −→W
fators through CH0(YF )Q ⊗W
GF |L −→ W , where Y is a smooth proper model of the extension
L|k, f. [R1, Proposition 3.6℄.
Thus, the ation of HGF |L′ fators through CH0(Yk(Y ))Q = hL′CH0(YF )Q.
In other words, the ation of the Heke algebraHGF |L′ (G) onW
GF |L
is determined by the ation of
the Heke algebra HG
L|L
(GL|k), so the semi-simpliity of the HGF |L′ (G)-module W
GF |L
is equivalent
to its semi-simpliity as a HG
L|L
(GL|k)-module. 
The following lemma redues the general semi-simpliity problem to an ayliity question.
Lemma. Let H be a subategory in SmG losed under taking subobjets and F
′|k be an algebraially
losed extension in F of a nite transendene degree q. The following onditions on the subategory
H and on F ′ are equivalent.
(1) For any W ∈ H any GF ′|k-submodule U ⊆ W
GF |F ′
oinides with the GF ′|k-submodule of
GF |F ′-invariants in the G-submodule generated by U : U = 〈U〉
GF |F ′
G .
(2) For any W ∈ H, any nitely generated eld extension L|k of transendene degree q and
any surjetion Q[{L
/k
→֒ F}]N −→ W in SmG indues a surjetion of GF |F ′-invariants
Q[{L
/k
→֒ F ′}]N −→WGF |F ′ in SmGF ′|k , where F
′
is algebrai over L.
(3) For any nitely generated eld extension L|k of transendene degree q and for any Q ⊆
Q[{L
/k
→֒ F}]N suh that the quotient belongs to H, one has H1SmG(GF |F ′, Q) = 0.
Proof. (2) and (3) are equivalent by Corollary 3.9, sine the restrition of Q[{L
/k
→֒ F}] to GF |F ′
is anonially isomorphi to Q[{L⊗k F
′ /F
′
−→ F}] =
⊕
x∈Spec(L⊗kF ′)
Q[{F ′(x)
/F ′
→֒ F}].
(2)⇒(1). If U 6= 〈U〉
GF |F ′
G then there are elements u1, . . . , uN ∈ U , aij ∈ Q, and gij ∈ G suh that∑
1≤i≤N, j aijgijui ∈W
GF |F ′rU . ReplaeW by the G-span of u1, . . . , uN , and U by the GF ′|k-span
of u1, . . . , uN . Then there is a surjetion Q[{L
/k
→֒ F}]N −→ W , ei 7→ ui, where L|k is an extension
in F ′ of nite type suh that GF |L is ontained in the ommon stabilizer of the elements u1, . . . , uN .
Then (2) implies the surjetivity of Q[{L
/k
→֒ F ′}]N −→ WGF |F ′ . As it fators through U , we get
U =WGF |F ′ , as required.
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(1)⇒(2). Let U be the image of Q[{L
/k
→֒ F ′}]N , i.e., the GF ′|k-span of u1, . . . , uN . Then the G-
span of u1, . . . , uN oinides with W . It follows from (1) that U =W
GF |F ′
, i.e., the homomorphism
Q[{L
/k
→֒ F ′}]N −→ WGF |F ′ is surjetive. 
Examples. 1. Let X be an irreduible k-variety with the funtion eld L embedded into F and
Q ⊆ Q[{L
/k
→֒ F}] be a G-submodule suh that Q[{L
/k
→֒ F}]/Q is a quotient of CH0(XF )Q. Then
it follows from the moving lemma of [R1℄ and from Corollary 3.9 that H1SmG(GF |F ′ , Q) = 0.
2. (`Loal ayliity'). Suppose that the whole ategory SmG satises the equivalent onditions
of the previous lemma. Then for any nitely generated smooth representation W of G there exists
an open subgroup U ⊂ G suh that H>0SmG(U
′,W ) = 0 for any open subgroup U ′ ⊆ U of type GF |L.
(Indeed, a hoie of N generators of W determines a surjetion π : Q[{K
/k
→֒ F}]N −→ W for a eld
extension of nite type K|k. Then for any eld extension L|K of nite type both Q[{K
/k
→֒ F}]N
and the kernel of π are ayli with respet to H>0SmG(GF |L,−). )
An appliation, we have in mind is, e.g., to the semi-simpliity of the modules of regular dierential
forms and of similar representations. This is related to the oinidene of homologial and numerial
equivalene relations on algebrai yles. Some known results are olleted in Appendix C.
1. The dominant topology
Consider the ategory Dmk of smooth k-morphisms of smooth k-shemes endowed with the
pretopology, where the overs of an objet X are dominant morphisms to X.
Given a presheaf F on Dmk one an extend it to (the spetra of) the ltered unions O =
lim
A−→
A of nitely generated smooth k-subalgebras A by F(O) := lim
A−→
F(Spec(A)). Clearly, this
is independent of presentation of O as a ltered union. Our main examples of O will be elds.
Lemma 1.1. The funtor W : F 7→ F(F ) is an equivalene between the ategory of sheaves of sets
(resp., of abelian groups et) on Dmk and the ategory of smooth G-sets (resp., of G-modules et).
Proof. Conversely, to dene a quasi-inverse funtor F from the ategory of smooth G-sets to
the ategory of sheaves of sets on Dmk, x an embedding over k into F of the funtion eld of
eah onneted omponent of eah objet of Dmk. Then to eah G-set W and an objet
∐
α
Uα,
for some olletion (Uα)α of irreduible objets of Dmk we assoiate
∏
α
WGF |k(Uα) . Note, that eah
homomorphism K
τ
→֒ L of subelds in F of nite type over k extends to an element τ˜ ∈ G, and the
double oset GF |Lτ˜GF |K depends only on τ , so the morphism W
GF |K τ−→WGF |L is independent of
a partiular hoie of τ˜ . Then to a morphism
∐
β∈T
Vβ
f
−→
∐
α∈S
Uα, given by a olletion (k(Uf(β))
τβ
→֒
k(Vβ))β we assoiate the morphism
(1)
∏
α∈S
WGF |k(Uα)
(τβ)
−→
∏
α∈S
∏
β∈Tα
W
GF |k(Vβ) =
∏
β∈T
W
GF |k(Vβ) .
The sheaf ondition means that (i) the morphism (1) is injetive and (ii) it is the equalizer of
(2)
∏
α∈S
∏
β∈Tα
W
GF |k(Vβ) ⇒
∏
α∈S
∏
β,β′∈Tα
∏
x
WGF |k(x),
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where x runs over irreduible omponents of Vβ ×Uα Vβ′ , for any over
∐
β∈T
Vβ
f
−→
∐
α∈S
Uα. The
injetivity of (1) is evident. To verify the ondition (ii), we apply [R1, Proposition 2.14℄: if L1 and
L2 are subextensions in F |k of nite type suh that the intersetion of algebrai losures in F of
L1 and L2 is algebrai over L1
⋂
L2 then the subgroups GF |L1 and GF |L2 in G generate GF |L1
T
L2.
Namely, if (wβ)β∈T belongs to the equalizer then wβ ∈ W
GF |k(Uf(β))
and wβ = wβ′ if f(β) = f(β
′),
whih means that (wβ)β∈T belongs to the image of (1).
Evidently, WF ∼= Id. To hek that FW ∼= Id, it sues to verify that F(U) = (WF)GF |k(U) .
But this is exatly the sheaf ondition for the overs of U by single onneted elements. 
2. `Ayliity' of ertain restritions of G-modules
Proposition 2.1. Suppose that F ′ is an extension of k in F of innite transendene degree.
Then H>0SmG(GF |F ′ ,W ) = H
>0
SmG
(GF |F ′ ,W ⊗Q) = 0 for any smooth G-module W .
Proof. Let I• be an injetive resolution ofW in the ategory SmG. As the funtor H
0(GF |F ′ ,−) :
SmG −→ SmG
F ′|k
is an equivalene of ategories (f. [R1℄), it is exat. This gives the vanishing of
H>0SmG(GF |F ′ ,W ) := H
>0
(
(I•)
G
F |F ′
)
.
As the funtor H0(GF |F ′ ,−) : SmG(Q) −→ Ab is a omposition of exat funtors H
0(GF |F ′ ,−) :
SmG(Q) −→ SmG
F ′|k
(Q) and H0(GF ′|F ′,−) : SmGF ′|k(Q) −→ Ab, it is exat itself, and thus,
H>0SmG(GF |F ′ ,W ⊗Q) := H
>0
(
(I• ⊗Q)GF |F ′
)
= 0. 
3.

Ceh ohomology
Lemma 3.1. Let S
pi
−→ T be a map of sets. For eah q ≥ 0, let
◦
SqT⊆ ×
q
TS be a subset of the bre
produt suh that restrition to
◦
SqT of eah projetion fators through
◦
Sq−1T and for any nite subset
U in
◦
SqT over any element of T (i.e. with #(π(U)) = 1) there is u ∈ S suh that {u} × U ⊆
◦
Sq+1T .
Then the natural omplex (where di are alternating sums of projetions) Q[
◦
S0T ]
d1←− Q[
◦
S1T ]
d2←−
Q[
◦
S2T ]
d3←− Q[
◦
S3T ]
d4←− . . . is ayli.
Proof. Let α =
∑
i ai(s1i, . . . , sqi) ∈ ker dq. Then
dq+1 :
∑
i
ai(ui, s1i, . . . , sqi) 7→
∑
i
ai(s1i, . . . , sqi) +
∑
i
q∑
j=1
(−1)jai(ui, s1i, . . . , ŝji, . . . , sqi) = α
for any olletion {ui}i suh that (ui, s1i, . . . , sqi) ∈
◦
Sq+1T for all i and ui depends only on the
projetion of s1i to T . 
Denote by IG the full subategory of SmG, whose objets W satisfy W
GF |L′ = WGF |L for any
purely transendental extension L′|L in F |k. More on this an be found in [R1℄. The equivalene
of ategories of Lemma 1.1 restrits to an equivalene of ategories between IG and the ategory of
A1-invariant sheaves on Dmk: F(X) = F(X × A
1) for any smooth k-variety X. This is why the
objets of IG are alled `homotopy invariant' representations.
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Let I : SmG −→ IG be the left adjoint of the inlusion funtor IG →֒ SmG and Ck(Y ) :=
IQ[{k(Y )
/k
→֒ F}] for any irreduible k-variety Y . In the ase of smooth proper Y , the objet Ck(Y )
is related to the Chow group of zero-yles on Y : there is a natural surjetion Ck(Y ) −→ CH0(YF )Q.
Lemma 3.2. The omplex Cˇ
L(Y )|L
• := (· · · → Q[{L(Y
2)
/k
→֒ F}] → Q[{L(Y )
/k
→֒ F}] → Q[{L
/k
→֒
F}] → 0) is ayli for any eld extension L|k and any L-variety Y . If Y is a smooth proper k-
variety then the omplexes · · · → Ck(Y 2) → Ck(Y ) → Q → 0 and · · · → CH0(Y
2)Q → CH0(Y )Q →
Q→ 0 are also ayli.
Proof. The ayliity of Cˇ
L(Y )|L
• follows from Lemma 3.1 applied to T = {L
/k
→֒ F} and
◦
SqT=
{L(Y q)
/k
→֒ F}.
Let α be an element of either Ck(Y q), or of CH0(Y
q)Q annihilated by the dierential. As
the morphisms Q[{k(Y q)
/k
→֒ F}] → Ck(Y q) → CH0(Y
q
F )Q are surjetive, α is represented by∑
i ai(s1i, . . . , sqi). Let u ∈ Y (F ) be a generi point in generi position with respet to all
sji, and β be the image of
∑
i ai(u, s1i, . . . , sqi) in Ck(Y q), or in CH0(Y
q)Q. Then ∂β = α +∑
i ai
∑q
j=1(−1)
j [(u, s1i, . . . , ŝji, . . . , sqi)].
It remains to show that
∑
i ai
∑q
j=1(−1)
j [(u, s1i, . . . , ŝji, . . . , sqi)] = 0, whih is lear in the ase
of CH0.
For the ase of Ck(Y •) note that for any smooth representation W the kernel of the surje-
tion W → IW is generated by the elements σw − w for w ∈ WGF |L′ , σ ∈ GF |L and all purely
transendental extensions L′|L. Let W = Q[{k(Y q−1)
/k
→֒ F}]. Then IW = Ck(Y q−1) and∑
i ai
∑q
j=1(−1)
j(s1i, . . . , ŝji, . . . , sqi) =
∑
s(σsws − ws), where ws ∈ W
GF |L′s
, σs ∈ GF |Ls and
extensions L′s|Ls are purely transendental and of nite type over k.
Let u : k(Y )
/k
→֒ F be a generi point of Y in generi position with respet to all L′s and
σs(L
′
s). Then there exists a olletion of σ
′
s ∈ GF |Ls suh that σ
′
sws = σsws and σ
′
su = u,
so
∑
i ai
∑q
j=1(−1)
j(u, s1i, . . . , ŝji, . . . , sqi) =
∑
s(σ
′
s(u ⊗ ws) − u ⊗ ws) ∈ Q[{k(Y
q)
/k
→֒ F}] ⊂
Q[{k(Y )
/k
→֒ F}] ⊗W , i.e.
∑
i ai
∑q
j=1(−1)
j [(u, s1i, . . . , ŝji, . . . , sqi)] = 0 in Ck(Y q), sine u ⊗ ws is
xed by GF |L′su(k(Y )), L
′
su(k(Y )) is purely transendental over Lsu(k(Y )) and σ
′
s ∈ GF |Lsu(k(Y )). 
Corollary 3.3. For any W ∈ IG the omplex 0 → W
G → WGF |k(Y ) → W
G
F |k(Y 2) → . . . is exat.
In partiular, 0→ CHq(X)Q → CH
q(Xk(Y ))Q → CH
q(Xk(Y 2))Q → . . . is exat.
Proof. The omplex HomG(Ck(Y •),W ) is exat, sine, by Lemma 3.2, Ck(Y •) is a projetive
resolution of 0 in IG. 
Corollary 3.4. Sending the funtion eld L of a k-variety to Q[{L
/k
→֒ F}] ∈ SmG, resp. to
CL ∈ IG, denes a sheaf on Dmk with values in Sm
op
G , resp. in I
op
G . (Sine I is right exat.) 
Denote by Hˇ∗(X,−) the Ceh ohomology, i.e. lim
−→
Hˇ∗
U
(X,−) for U running over the overs of X.
Corollary 3.5 ([Mi℄ Ch.III, Corollary 2.5). Hˇ∗ oinides with H∗ for any sheaf if and only if Hˇ∗
transforms any short exat sequene of sheaves to a long exat sequene of

Ceh ohomologies.
For any extension K of k in F with F of innite transendene degree over K x a tran-
sendene basis {x1, x2, x3, . . . } = {x
(K)
1 , x
(K)
2 , x
(K)
3 , . . . } of F over K. For eah m ≥ 0 set
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Fm = K(x2m , x2m·3, x2m·5, . . . ), and for eah j ≥ 0 x a self-embedding σj : F
/K
→֒ F suh that
σj|Fs = id if j > s and σj|Fs = σs|Fs : Fs
∼
−→ Fs+1 if j ≤ s. For any extension L of K we x
L0 ⊆ F0 isomorphi to L over K and set Ls := σ
s
0(L0).
For a G-module W set LKW
• := (WGF |L0
σ0−σ1
−−→ WGF |L0L1
σ0−σ1+σ2
−−−−−→ WGF |L0L1L2 −→ . . . ).
Proposition 3.6. One has HqSmG(GF |K ,W ) = H
q( FKW
•) for any smooth representation W of G
and any algebraially losed extension K ⊇ k in F .
Proof. Aording to Corollary 3.5, it sues to hek that the funtorW 7−→ Hq( FKW
•) oinides
with the

Ceh ohomology lim
−→
Hq(F(U) → F(U ×k U) → F(U ×k U ×k U) → . . . ) for the sheaf
F on Dmk orresponding to W , and transforms any short exat sequene of representations to a
long exat sequene of spaes. By Lemma 5.7 of [R1℄, the funtor W 7−→ FKW
•
from SmG to the
ategory of omplexes of Q-vetor spaes is exat, so the latter property follows.
IfK is algebraially losed in L and L is of nite type over K then LKW
•
is isomorphi to the

Ceh
omplex HomG(Cˇ
L|K
• ,W ) of the over Spec(L) −→ Spec(K) with oeients in FW . Therefore,
under these assumptions, W 7−→ Hq( LKW
•) is the Ceh ohomology of the over Spec(L) −→
Spec(K). As F
K
W • = lim
L−→
L
K
W •, we see that Hq( F
K
W •) = lim
L−→
Hq( L
K
W •), where L runs over
the set of subelds in F of nite type over K. And nally, the funtor W 7−→ Hq( F
K
W •) oinides
with the

Ceh ohomology of Spec(K). 
Examples. 1. Let W be a smooth G-module with trivial restrition to GF |k. Then FW =
π−1FW |Spec(k)e´t , where Dmk
pi
−→ Spec(k)e´t sends a smooth k-variety U to the maximal k-sheme
U ′ etale over Spec(k) in the Stein deomposition U −→ U ′ −→ Spec(k).
For any onneted over U −→ Spec(k) the Ceh omplex with oeients in FW is just W
0
−→
W
id
−→W
0
−→W
id
−→ . . . , so Hˇ>0
Dm
k
(FW ) = 0.
Then the HohshildSerre spetral sequene Ep,q2 = H
p(Gk|k,H
q(GF |k,W )) is degenerate:
Ep,>02 = 0, and thus, Hˇ
∗
Dmk
(FW ) = E
∗,0
2 = H
∗
e´t(Spec(k),FW |Spec(k)e´t).
2. The sheaf L 7→ Q[{L
/k
→֒ F}] (see Corollary 3.4) with values in SmopG is ayli.
3. Let A be an abelian variety over k. Then for any smooth variety U over k and its smooth
ompatiation U the Ceh omplex B
d1−→ B2
d2−→ B3
d3−→ . . . of A(F )/A(k), where Bq =
Hom(Alb(U
q
), A), is ayli, sine
dq : (b1, . . . , bq) 7→
{
(0, b1 + b2, 0, b3 + b4, 0, . . . , 0, bq−1 + bq, 0) if q is even
(−b1, b1,−b3, b3, . . . ,−bq, bq) if q is odd
More generally, x n ≥ 0 and set Cq = Hn(U
q
)/N1. The omplex C• is the diret sum of the sub-
omplexes C•m1,...,ms for all olletions (m1, . . . ,ms) suh that m1, . . . ,ms ≥ 1 andm1+· · ·+ms = n,
where Cqm1,...,ms =
⊕
i0,...,is≥0, i0+···+is=q−s
H0(U)⊗i0 ⊗Hm1(U )⊗H0(U)⊗i1 ⊗Hm2(U )⊗ · · · ⊗Hms(U
q
)⊗
H0(U )⊗is/N1 ∼= (Csm1,...,ms)
(qs)
. Clearly, all C•m1,...,ms are ayli.
3.1. `Geometri' representations and the ayliity. Any eld extension K of k is a ltered
union of nitely generated smooth k-subalgebras. Then the onstrution of 1, preeding Lemma
1.1, assoiates to any presheaf F on Dmk the smooth Aut(K|k)-set F(K).
Lemma 3.7. One has F(F )GF |F ′ = F(F ′) for any F ′ = F ′ ⊆ F with tr.deg(F ′|k) =∞.
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(As it shows the example of the presheaf F : U 7→ Γ(U,
⊗2
O Ω
1
U/k
), one annot drop the ondition
that F ′ is algebraially losed. Here U is a smooth ompatiation of U .)
Proof. Fix an isomorphism α : F
∼
−→ F ′ over k. Then α∗ : lim
U−→
F(U)
∼
−→ lim
V −→
F(V ), where
O(U) ⊂ F and O(V ) ⊂ F ′ are smooth. For any U there is σ ∈ G suh that σ|O(U) = α|O(U), so
lim
V −→
F(V ) = lim
(U,σ)−→
σF(U) = F(F )GF |F ′ . 
Note that the ategory of representations of type F(F ) for F taking values in ommutative groups
is tensor. More generally, given a presheaf of ommutative rings A, the representations F(F ) for
the A-modules F are A(F )-modules and they form a tensor ategory with respet to the operation
⊗A(F ).
Assume that a presheaf F on Dmk is endowed with transformations i
x
X,Y : F(X ×k Y ) −→ F(Y )
for any smooth X,Y and any x ∈ X(k) suh that ixX,Y ◦ Xpr
∗
Y = idF(Y ) and i
x
X,Y×kZ
◦ Zpr
∗
X×kY
=
Zpr
∗
Y ◦ i
x
X,Y , where XprY : X ×k Y −→ Y is the projetion.
Corollary 3.8. H>0(G,W ) = 0 for any W ∈ IG; H
1(G,F(F )) = {∗} for any group-valued F ;
and H>0(G,F(F )) = 0 for any F with values in ommutative groups.
Proof. By Proposition 3.6, Hˇ∗(G,−) = H∗(G,−). By Corollary 3.3, Hˇ∗(G,W ) =WG.
It sues to show that the omplex 0 → F(k)
d0−→ F(X)
d1−→ F(X2)
d2−→ F(X3)
d3−→ . . . is
exat for any smooth k-variety X, where dq =
∑q
i=0(−1)
i(priq)
∗
and priq : X
q+1 −→ Xq omits the
i-th multiple. Fix some u ∈ X(k) and denote by uq the losed embedding X
q u×→֒ Xq+1. Then
priq ◦ uq = uq−1 ◦ pr
i−1
q−1 for any 1 ≤ i ≤ q and pr
0
q ◦ uq = idXq , so u
∗
q ◦ dq + dq−1 ◦ u
∗
q−1 = idF(Xq),
where u∗q := i
u
X,Xq , i.e. u
∗
• denes a ontrating homotopy. 
Examples of F(F ) are
⊗•
F Ω
1
F |k0
,
⊗•
k0
Ω1F |k0,cl,
⊗•
k0
Ω1F |k0,ex for any k0 ⊆ k and A(F ) for any
group k-variety A, or A(F )/A(k) if A is ommutative. More examples are in the following
Corollary 3.9. Let E be a eld, endowed with a smooth G-ation, whih is presentable as G(F ) for
a presheaf of ommutative rings G on Dmk admitting transformations i
x
X,Y as above.
(1) Let B be suh a family of elds of nite type over k that any extension of k of nite type
an be embedded (over k) into an element of B.
Then the olletion {E[{L
/k
→֒ F}]}L∈B is a system of ayli generators of the ategory
SmG(E) (of smooth E-semilinear representations of G).
(2) The ohomologial dimension of the ategory SmG(E) is innite.
Proof.
(1) For any eld extension L|k of nite type onsider the funtor F(X) = Zq(XL) ⊗ G(X),
where q = tr.deg(L|k). Then E[{L
/k
→֒ F}] = F(F ). Dene the transformations ixX,Y :
Zq(X ×k YL) ⊗ G(X ×k Y ) −→ Z
q(YL) ⊗ G(Y ) by α ⊗ g 7→ α ∩ ({x} × Y ) ⊗ i
x
X,Y g if the
intersetion is transversal, and α⊗ g 7→ 0 otherwise, for any irreduible α ⊂ X ×k YL.
(2) For any q ≥ 1 and any objet W ∈ SmG(E) suh that H
q(G,W ) 6= 0 there is a surjetion
α : U −→W , where U is a diret sum of ayli generators of SmG(E), f. (1). Then there
is an embedding Hq(G,W ) →֒ Hq+1(G, ker α), i.e., Hq+1(G,W ′) 6= 0 for W ′ = kerα. 
Examples. 1. E = F = G1(F ) with G1(X) = O(X) and i
x
X,Y being the restrition to {x} × Y .
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2. Q ⊆ E = G2(F ) ⊆ k with G2 : X 7→ E
pi0(X)
being the sub-presheaf of E-valued loally onstant
funtions in G1 and i
x
X,Y being the restrition of the orresponding transformation on G1.
Conjeture 3.10. Ext∗SmG(W1,W2) = Ext
∗
IG
(W1,W2) for any W1,W2 ∈ IG.
This is known for ∗ ≤ 1 (sine IG is a Serre subategory of SmG) and for trivialW1 (by Corollary
3.8).
3.2. A1-invariane of some presheaves. Let Vk be a ategory of k-varieties, ontaining all smooth
varieties. Let L be a ategory, where all self-embeddings are isomorphisms (e.g., an abelian ategory
suh that for any objet the multipliities of its irreduible subquotients are nite
1
).
An L-valued presheaf F on Vk is A
1
-invariant, if F(U) = F(U × A1) for any U ∈ Vk.
Consider any pretopology on Vk suh that A
1
k −→ Spec(k) is a overing and one of the following
two onditions holds:
• k ontains all 2-primary roots of unity and there are no non-trivial divisible involutions in
the group Aut(C) for any C ∈ L (e.g., if L is the ategory of nitely generated admissible2
representations over a number eld of a totally disonneted topologial group);
• (A1k r {0})
∐
(A1k r {1})
id⊔id
−→ A1k and Gm,k −→ Gm,k, x 7→ x
2
, are overings (in partiular,
F(A1X) −→ F(Gm,X) is injetive for any X ∈ Vk and any sheaf on Vk).
Proposition 3.11. Let F be a sheaf on Vk with values in L. Then F is A
1
-invariant.
Proof. Let U ∈ Vk and σ be the involution of F(U × A
1 × A1) indued by the interhanging of
the two multiples A1, so pr∗1 = σ ◦ pr
∗
2, where pr1,pr2 : U ×A
1×A1 ⇒ U ×A1 are the projetions.
As U × A1 −→ U is a overing, we get that F(U) is the equalizer of the injetions
pr∗1,pr
∗
2 : F(U × A
1)⇒ F(U ×A1 × A1).
If k ontains all 2-primary roots of unity then σ is a divisible involution in the group AutL(F(U×
A1 × A1)).
If the Zariski overing Gm,k
∐
Gm,k −→ A
1
k is a overing in Vk then F(U × A
1 × A1) −→
F(U × ((A1 × A1)r∆A1)) is injetive, sine (A
1 × A1)r∆A1
∼
−→ A1 ×Gm, (x, y) 7→ (x, x− y).
The morphism U × ((A1×A1)r∆A1) −→ U × ((A
1×A1)r∆A1)/S2 in the ategory Vk indues
a S2-invariant morphism F(U × ((A
1×A1)r∆A1)/S2) −→ F(U × ((A
1×A1)r∆A1)) in L, whih
is injetive if Gm,k −→ Gm,k, x 7→ x
2
, is a overing. As ((A1×A1)r∆A1)/S2
∼
−→ (A1×A1)r∆A1 ,
(x, y) 7→ (x+ y, x+ y + (x − y)2), the involution σ ats trivially on F(U × ((A1 × A1)r∆A1)) by
the assumptions on L.
In any ase, one has pr∗1 = σ ◦ pr
∗
2 = pr
∗
2, and thus, F(U) −→ F(U ×A
1) is an isomorphism. 
Example. If a morphism p : U −→ Y in Vk admits a setion s : Y −→ U (e.g. for U = Y ×kZ, and
p being the projetion to Y , where Z has a rational k-point) then the sequene G(Y )
p∗
−→ G(U) ⇒
G(U×Y U) is exat for any presheaf G: p
∗
is injetive, sine the identity omposition Y −→ U −→ Y
indues identity omposition G(Y ) −→ G(U) −→ G(Y ); p∗ is an equalizer of G(U) ⇒ G(U ×Y U),
sine the ompositions U
(id,sp)
−→ U ×Y U ⇒ U indue the idential and (sp)
∗ = p∗s∗ ompositions
G(U)⇒ G(U ×Y U) −→ G(U), i.e. any element in the equalizer belongs to the image of p
∗
.
1
The multipliity of an irreduible objet X in W is dened indutively: it is 0 if for any ltration W ⊇ Y ⊇ Z
the quotient Y/Z is not isomorphi to X; it is N > 0 if there is a ltration W ⊇ Y ⊇ Z suh that Y/Z ∼= X and the
sum the multipliities of X in W/Y and in Z is N − 1. By JordanHolder theorem, the multipliity is well-dened.
2
A smooth representation of a totally disonneted topologial group is alled admissible if any open subgroup
xes a nite-dimensional subspae in it.
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Question. Any ohomology theory H∗ on Vk with oeients in a eld and any q ≥ 0 dene
an A1-invariant presheaf Hq on Vk. We want it to be a sheaf in some topology. Can one simply
dene the overing morphisms as smooth morphisms p : U −→ X suh that the sequene 0 −→
H∗(Y ) −→ H∗(U ′) −→ H∗(U ′ ×Y U
′) is exat for any base hange U ′ −→ Y of p?3 In partiular,
no non-surjetive morphism in Vk is overing, if one allows the losed embeddings as morphisms in
Vk. (If Y is a point of X, whih is not overed, then U
′
is empty, so the sequene 0 −→ H0(Y ) −→
H0(U ′) −→ H0(U ′ ×Y U
′) is not exat.) It follows that this is the ase for arbitrary morphisms
admitting a setion U −→ X.4 Clearly, the Zariski overings are not overings for suh topology (Pn
is a union of n+ 1 opies of An, but H>0(Pn) −→ H>0(An)n+1 = 0 is not injetive); the bration
An+1 r {0} −→ Pn is not overing, sine H2n(Pn) −→ H2n(An+1 r {0}) = 0 is not injetive.
4. The site H (the Hartogs topology)
Let v : F×/k× −→ Qr be a disrete valuation, i.e. F is algebrai over the subeld generated
by an isomorphi lifting of the residue eld of v and by an isomorphi lifting of the valuation
group Qr. Let Gv be the deomposition subgroup of v in G, i.e., the stabilizer of the valuation
k-algebra Ov ⊂ F . For any W ∈ SmG set Wv :=
∑
σ∈Gv
WGF |σ(F ′) ⊆ W . The additive funtor
SmG −→ SmGv , W 7→Wv, is fully faithful and preserves surjetions and injetions, f. [R3, 4.1℄.
Let Γr(W ) be the intersetion of Wv over all disrete valuations v : F
×/k× −→ Qr. Set Γ := Γ1,
so Γr : SmG −→ SmG are additive funtors.
Examples. Q[{L
/k
→֒ F}]v = Q[{L
/k
→֒ Ov}]; F [{L
/k
→֒ F}]v = Ov[{L
/k
→֒ Ov}].
Proposition 4.1 ([R3℄). Γ(W ) =Wv =W for any W ∈ IG.
Lemma 4.2 ([R3℄). One has (W1⊗W2)v ⊆ (W1)v ⊗ (W2)v and Γ(W1⊗W2) ⊆ Γ(W1)⊗Γ(W2) for
any W1,W2 ∈ SmG. However, (W ⊗W )v 6=Wv ⊗Wv if W = Q[F r k].
If either W1 is a quotient of A(F ) for a ommutative algebrai k-group A, or W1 ∈ IG then
(W1 ⊗W2)v = (W1)v ⊗ (W2)v for any W2 ∈ SmG.
Remarks. 1. By Proposition 4.1 and Lemma 4.2, Γ(W ⊗ F ) = W ⊗ k for any W ∈ IG, so
Γ(V )⊗ F −→ V for any semilinear quotient V of W ⊗ F .
2. If W is an F -vetor spae then the F -vetor spae struture F ⊗W −→W on W indues an
Ov-module struture (F ⊗W )v = Ov ⊗Wv −→ Wv on Wv. Clearly, F ⊗Ov Wv −→ W is injetive,
but not surjetive, as shows the example of W = F [{L
/k
→֒ F}].
3. Clearly, Γr preserves the injetions, but not the surjetions. Namely, let W :=
⊗N
k F −→
ΩN−1F |k be given by a1 ⊗ · · · ⊗ aN 7→ a1da2 ∧ · · · ∧ daN . By Lemma 4.2, Wv =
⊗N
k Ov, so
(
⊗N−1
F Ω
1
F |k0
)v =
⊗N−1
F Ω
1
Ov|k0
for any k0 ⊆ k; and Γ(
⊗N
k F ) = k, but Γr(Ω
•
F |k) = Ω
•
F |k,reg
for any r ≥ 1.
For an integral normal k-variety X with k(X) ⊂ F let V(X) be the set of all disrete valuations
of F of rank one trivial on k suh that their restritions to k(X) are either trivial, or orrespond to
divisors on X. Set W(X) :=WGF |k(X) ∩
⋂
v∈V(X)Wv ⊆W .
Remark. WGF |k(X) ∩Wv depends only on the restrition of v to k(X), sine the set of GF |k(X)-
orbits GF |k(X)\G/Gv of the valuations of F oinides with the set of valuations of k(X) of rank
≤ r. E.g., if the restrition of v to k(X) is trivial then WGF |k(X) ⊆Wv.
3
It is not lear, whether this is ompatible with ompositions.
4
and learly this type of overings is stable under base hanges and ompositions
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Consider the following site H. Objets of H are the smooth varieties over k. Morphisms in H
are the loally dominant morphisms, transforming non-dominant divisors to divisors. Coverings are
smooth morphisms surjetive over the generi point of any divisor on the target.
Lemma 4.3. A hoie of k-embeddings into F of all generi points of all smooth k-varieties denes
a sheaf W on H for any W ∈ SmG.
Proof. Clearly, if a dominant morphism f : U −→ X transforms divisors on U , non-dominant
over X, to divisors on X then V(U) ⊆ V(X), so W(X) ⊆ W(U).
If, moreover, the pull-bak of any divisor on X is a divisor on U then V(X) = V(U).
By Lemma 1.1, X 7→
∏
x∈X0 W
GF |k(x)
is a sheaf on Dmk, so the sequene
0 −→
∏
x∈X0
WGF |k(x) −→
∏
x∈U0
WGF |k(x) −→
∏
x∈(U×XU)0
WGF |k(x)
is exat. As V(X) = V(U) = V(U ×X U), the sheaf property for the overing f amounts to the
exatness of the above sequene restrited to
∏
x∈U0
⋂
v∈V(X)Wv. 
Examples. X 7→ Γ(X,ΩqX|k) and X 7→ Γ(X,Ω
q
X|k
) are sheaves on H for any integer q ≥ 0;
X 7→ Γ(X,Sym2Ωq
X|k
) is not a sheaf on H. Here X is a smooth ompatiation of X.
Appendix A. Totally disonneted groups and their representations
Let H be an arbitrary totally disonneted topologial group, and B a base of its open subgroups.
By denition, this means that B is a olletion of subgroups of H suh that (i) it has the trivial
intersetion, (ii) the onjugate of eah subgroup in B by any element of H ontains a subgroup in
B, (iii) eah nite intersetions of subgroups in B ontains a subgroup in B. Then a subgroup of
H is alled open if it ontains an element of B (so H is Hausdor).
Let E be a eld of harateristi zero endowed with a smooth (e.g., trivial) H-ation.
An example of H is given by a permutation group of a set (with the stabilizers of nite subsets as
a base of open subgroups). This example is typial in the sense that arbitrary H is a permutation
group of the disjoint union
∐
U∈B H/U for arbitrary olletion B of subgroups of H with trivial
intersetion of their onjugates, e.g., for a base of open subgroups of any totally disonneted group
H. If there is an open subgroup U of H ontaining no nontrivial normal subgroups of H then H is
a permutation group of the set H/U .
In this appendix we make some general remarks on the ategory SmH(E) of E-vetor spaes en-
dowed with a smooth semilinear H-ation, generalizing some well-known fats about loally ompat
totally disonneted groups.
A.1. Smooth H-sets and sheaves. It is well-known (e.g., [SGA 4 I, Expose IV, 2.42.5℄ or [Joh,
8.1, Example 8.15 (iii)℄) that the smooth H-sets and their H-equivariant maps form a topos.
Let T = T(H,B) be the ategory whose objets are the elements of some base B of open subgroups
of H and HomT(U, V ) = {h ∈ H | hUh
−1 ⊇ V }/U . The omposition is dened in the natural
way: if U
α
−→ V
β
−→ W , i.e., αUα−1 ⊇ V and βV β−1 ⊇ W , then βαU(βα)−1 ⊇ W (βvαu =
βα(α−1vα)u ∈ βαU for any u ∈ U and v ∈ V , so the omposition is well-dened). We endow T
with the maximal topology, i.e. we assume that any sieve is overing. Then the sheaves of sets,
groups, et. on T are identied with the smooth H-sets, groups, et.: F 7→ lim
−−−→
U∈B
F(U) (this is a
smooth H-set, sine its arbitrary element belongs to the image of some F(U) and the U -ation on
it is trivial by denition) and W 7→ (U 7→WU).
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Examples. 1. If H is disrete and B = {1} then there is exatly one objet ∗ in T and
HomT(∗, ∗) = H.
2. In notation of Introdution, the set HomT(G,B)(GF |L, GF |K) = {h ∈ G | h(L) ⊆ K}/GF |L
onsists of all eld embeddings L
/k
→֒ K over k. (Here B is the set of open subgroups in G of type
GF |L, where L|k is an extension of nite type.)
A.2. Basi strutures on SmH(E). There are diret sums, diret produts and the inner Hom
funtor in the ategories SmH(E) and IG. They are the smooth parts of the orresponding funtors
on the ategory of E-vetor spaes, and therefore, these funtors on IG oinide with the restritions
of the orresponding funtors on SmG(Q). Namely, the diret sums are diret sums in the ategory
of abelian groups; the diret produt of a family of objets is the smooth part of its set-theoreti
diret produt:
∏SmH
α Wα :=
⋃
U∈B
∏
αW
U
α , and Hom(W1,W2) := lim−−−→
U∈B
HomE[U ](W1,W2).
The usual tensor struture on the ategory of E-vetor spaes indues a tensor struture on the
ategory SmH(E). The funtor Hom(W,−) is right adjoint to the funtor −⊗E W :
HomSmH (E)(W1 ⊗E W,W2) = HomE[H](W1 ⊗E W,W2) = HomE[H](W1,HomE(W,W2)) =
= HomE[H](W1,Hom(W,W2)) = HomSmH (E)(W1,Hom(W,W2))
for any W1,W2,W ∈ SmH(E). The tensor produt on SmG(Q) does not preserve IG, but it has
a unique modiation ⊗I with the above adjuntion property, f. [R1, 6.4℄. The assoiativity of
⊗I , whih is equivalent to the identity Hom(W1 ⊗W2,−) = Hom(W1 ⊗I W2,−) on IG, is not yet
known.
A.3. Generalities on Heke algebras. Dene DE(H) := lim
←−U
E[H/U ], where the projetive
system is formed with respet to the projetion E[H/V ]
rV U−→ E[H/U ] and H/V −→ H/U , indued
by the inlusions V ⊂ U of open subgroups of H. In other words, DE(H) := E⊗̂DQ(H).
Any element ν ∈ DE(H) an be onsidered as an E-valued `osillating' measure on H (for whih
all open subgroups and their translates are measurable). In partiular, for any σ ∈ H and an open
subgroup U let the value ν(σU) of the measure ν on the set σU be the [σU ]-oeient in the image
of ν in E[H/U ].
For eah smooth semilinear E-representation W of H dene a pairing DE(H) ×W −→ W by
(ν,w) 7−→
∑
σ∈H/U ν(σU) · σw, where U is an arbitrary open subgroup in the stabilizer of w, e.g.,
U = Stabw. Clearly, the result is independent of the hoie of U . This determines a DE(H)-module
struture onW . WhenW = E[H/U ], this pairing is ompatible with the projetions rV U , so it gives
rise to a pairing DE(H) × lim
←−U
E[H/U ] −→ lim
←−U
E[H/U ] = DE(H), and thus, to an assoiative
multipliation DE(H)×DE(H)
∗
−→ DE(H), extending the onvolution of the ompatly supported
measures. (The support of ν is the minimal losed subset S in the semi-group Ĥ := lim
←−U
H/U
suh that ν(σU) = 0 for any σU that does not meet S.)
Clearly, the onstrution of DE(H) is funtorial in the sense that the following data
• a totally disonneted group H ′,
• a eld E′ endowed with a smooth H ′-ation,
• a ontinuous homomorphism ϕ : H −→ H ′,
• a smooth 1-oyle θ : H −→ (E′)×, i.e., θ|U = 1 for some open subgroup U ⊂ H and
θ(hh′) = θ(h)ϕ(h)(θ(h′)),
• a eld embedding λ : E −→ E′, whih is ompatible with the H-ation,
12
indues a ontinuous homomorphism of algebras DE(H) −→ DE′(H
′), a[h] 7→ λa · θ(h)[ϕh].
The Heke algebra of a pair (H,U), where U is a ompat subgroup of H, is the subalgebra
HE(H,U) := hU ∗DE(H)∗hU in DE(H) of U -biinvariant measures. Here hU is the Haar measure on
U , dened by the system (hU )V = [U : U
⋂
V ]−1
∑
σ∈U/U
T
V [σV ] ∈ Q[H/V ] for all open subgroups
V ⊂ H. The element hU is the unity of the algebras HQ(H,U) ⊆ HE(H,U) and hUhU ′ = hU
for any losed subgroup U ′ ⊆ U . For eah smooth E-representation W of H the Heke algebra
HE(H,U) ats on the spae W
U
, sine WU = hU (W ).
This denition of the Heke algebra is equivalent to the standard one in the ase of loally
ompat H, open ompat U and a harateristi zero eld E endowed with the trivial H-ation,
and HE(H,U) ats on the spae W
U
in the usual way for any smooth E-representation W of H,
f. [BZ℄.
If H is the automorphism group of an algebraially losed extension of k of nite transendene
degree n then the Heke algebras beome the algebras of non-degenerate orrespondenes on some
n-dimensional k-varieties, f. Appendix B.
Remarks. 1. There is the following evident modiation to arbitrary totally disonneted groups
of the standard semi-simpliity or irreduibility riteria, f. [BZ, Proposition 2.10℄.
Let T be a ltering family of ompat subgroups of H, i.e. suh that any open subgroup ontains
an element of T , e.g. the set of open subgroups of a given ompat subgroup of H. Then a smooth
E-representation W of H is irreduible, resp. semi-simple, if and only if the HE(H,U)-module W
U
is irreduible, resp. semi-simple, for eah ompat subgroup U ∈ T .
2. One uses the entres of the Heke algebras to deompose the ategory of smooth representa-
tions. However, in the ase of H = G one an show (in a way similar to that of [R1, Appendix A,
Theorem A.4℄) that for any ompat subgroup K in G the entre of the Heke algebra HE(K) of
the pair (G,K) oinides with E · hK , i.e., onsists of salars.
A.4. Pull-bak funtors. If ϕ : H2 −→ H1 is a homomorphism with a dense image then the
pull-bak funtor ϕ−1 : SmH1 −→ H2-mod is fully faithful. (Proof. Let W1,W2 ∈ SmH1 , α ∈
HomH2(ϕ
−1W1, ϕ
−1W2), v ∈ W1 and σ ∈ H1. Let S be the ommon stabilizer of the elements v
and α(v). Choose some element σ′ ∈ ϕ−1(σS) ⊆ H2. Then α(σv) = α(σ
′v) = σ′α(v) = σα(v). )
If ϕ is ontinuous then ϕ−1 fators through ϕ∗ : SmH1 −→ SmH2 .
If the homomorphism ϕ is ontinuous and with dense image then the funtor ϕ∗ admits a right
adjoint ϕ∗ : W 7→
⋃
U W
U×H1H2
, where U runs over open subgroups of H1. In partiular, ϕ
∗
preserves the irreduibility. (Proof. The H1-ation on ϕ∗W is dened as follows. If w ∈ W
ϕ−1(U)
and σ ∈ H1 then σw := σ
′w, where σ′ ∈ H2 and ϕ(σ
′) ∈ σU , whih is independent of σ′. )
Example. (A `dense' loally ompat `subgroup' G of G.) Let {x1, x2, . . . } be a transendene
base of F |k. Set Lm := k(xm, xm+1, . . . ) ⊂ F . Then L• = (L1 ⊃ L2 ⊃ L3 ⊃ . . . ) is a desending
sequene of subelds in F . Set G = GL• :=
⋃
m≥1
GF |Lm . We take the set {GF |LL1} of subgroups for
all subelds L in F |k of nite type as a base of open subgroups.
Geometrially (in a sense, analogous to the dominant topology), this orresponds to an inverse
system of innite-dimensional irreduible k-varieties given by nite systems of equations. They are
related by dominant morphisms aeting only nitely many oordinates.
Then
• G is loally ompat (sine F is algebrai over L1), but is not unimodular;
• the inlusion G into G is ontinuous with dense image (sine
⋂
m≥1 Lm = k).
More details an be found in [R4℄.
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The forgetful funtor SmG −→ G-mod is fully faithful, preserves the irreduibility, fators
through r : SmG −→ SmG, and r admits a right adjoint: W 7→
⋃
L
⋂
m≥1W
GF |LLm
, where L
runs over the set of all subelds of nite type in F |k.
A.5. Count of yli and irreduible objets of SmH(E). Reall (e.g., [Mi, Ch. III, 1℄) that
a family (Aj)j∈J of objets in a ategory is generating if for any injetion α : A
′ →֒ A whih is not
an isomorphism there exist an index j ∈ J and a morphism Aj −→ A that does not fator through
α.
The objets E[H/U ], where U ∈ B, form a generating system of SmH(E), i.e., any smooth yli
E-semilinear representation of H is a quotient of E[H/U ] for some U ∈ B.
One an modify the H-module struture on E[H/U ] by the rule σ : [h] 7→ f(σ, h) · [σh] for
some funtion f : H × H/U −→ E×. The assoiativity onstraint gives the ondition f(τσ, h) =
τf(σ, h) · f(τ, σh). In other words, g(στ, h) = g(σ, h) · σg(τ, σ−1h), where g(σ, h) = σf(σ−1, h),
i.e., g ∈ Z1(H,Maps(H/U,E×)) is a 1-oyle on H. The smoothness onstraint amounts to the
ondition that for any h ∈ H/U there exists an open subgroup V ⊂ H suh that f(σ, h) = 1
(equivalently, g(σ, h) = 1) for any σ ∈ V . We denote by E[H/U ](g) the resulting objet of SmH(E).
Let δ : Maps(H/U,E×) −→ Z1(H,Maps(H/U,E×)), ϕ 7−→ [(σ, h) 7→ ϕ(h)−1 · σϕ(σ−1h)], be
the oboundary homomorphism. Any oboundary is smooth: (σ, h) 7→ ϕ(h)−1ϕ(h) = 1 for any
σ ∈ Stabϕ(h) ∩ hUh
−1
. If two 1-oyles are ohomologial to eah other then the orresponding
objets of SmH(E) are isomorphi: E[H/U ]
(g) ∼−→ E[H/U ](g·δϕ), [h] 7→ ϕ(h) · [h].
Example. Suppose that ϕ lifts to a 1-oyle H −→ E×, and thus, orresponds to a one-
dimensional objet L of SmH(E). Then (δϕ)(σ, h) = ϕ(h)
−1 · σϕ(σ−1h) = ϕ(h)−1ϕ(σ)−1ϕ(h) =
ϕ(h)−1, so f(σ, h) = σϕ(σ−1)−1 = ϕ(σ), and therefore, E[H/U ](g·δϕ) ∼= E[H/U ](g) ⊗E L.
As the representations E[H/U ](g) and E[H/U ](g·δϕ) are isomorphi, this implies that for any
irreduible W ∈ SmH(E) and any one-dimensional L ∈ SmH(E) with L
U 6= 0 the multipliities of
W and of W ⊗E L in E[H/U ]
(g)
oinide.
It is likely, however, that these multipliities are innite, when H is the automorphism group of
a non-trivial algebraially losed extension of k of nite transendene degree, f. [R1, Remark on
p.217℄ (or [R4, p.1162℄). More remarks on representations E[G/U ] are in Appendix B.
Proposition A.1. (1) There are at most max(|B|, sup
U∈B
2max(|H/U |,|E|)) isomorphism lasses of
smooth yli E-semilinear representations of H.
(2) Suppose that U is an open subgroup of H, and there are > sup
U ′∈B
max(|H/U ′|, |E|) isomor-
phism lasses of irreduible objets of SmU(E). Then the group H admits at least as many
isomorphism lasses of smooth irreduible representations as U does.
(3) Let U be an open subgroup ofH. Suppose that there are at least max(|B|, sup
U ′∈B
2max(|H/U
′|,|E|))
isomorphism lasses of irreduible objets of SmU (E). Then the ardinality of the set of iso-
morphism lasses of irreduible objets of SmH(E) is equal to max(|B|, sup
U ′∈B
2max(|H/U
′|,|E|)).
Proof. As E[S] is dominated by
⋃
N≥1E
N × SN , (a1, . . . , aN ; s1, . . . , sN ) 7→
∑N
i=1 ai[si], one
has |E[S]| = max(|S|, |E|), if E and S are innite. Then for any subgroup U of H there are
≤ 2max(|H/U |,|E|) quotients of the representation E[H/U ], whih proves (1).
Let U be an open subgroup of H, and ϕ be a smooth yli E-representation of U . Let
W be any quotient of the yli representation E[H] ⊗E[U ] ϕ of H. Then there are ≤ |W | ≤
supU ′∈B |E[H/U
′]| ≤ supU ′∈B max(|H/U
′|, |E|) isomorphism lasses of yli subrepresentations of
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U in W , one of whih is ϕ, if ϕ is irreduible. For eah smooth irreduible representation ϕ of U
hoose an irreduible quotient Wϕ of the representation E[H]⊗E[U ] ϕ.
We say that smooth irreduible representations of U are equivalent (notation: ϕ ∼ ψ) if Wϕ ∼=
Wψ. As |Wϕ| ≤ supU ′∈B max(|H/U
′|, |E|), the ardinalities of the equivalene lasses do not exeed
sup
U ′∈B
max(|H/U ′|, |E|). Therefore, |{ϕ}/ ∼ | = |{ϕ}| under assumption of (2).
Under assumption of (3), the set of isomorphism lasses of smooth irreduible representations
of U and the set of equivalene lasses of smooth irreduible representations of U have the same
ardinality, and the lower bound ≥ max(|B|, sup
U ′∈B
2max(|H/U
′|,|E|)) of this ardinality oinides with
the upper bound of the ardinality of the set of isomorphism lasses of smooth irreduible represen-
tations of H from (1), so the group H admits preisely max(|B|, sup
U ′∈B
2max(|H/U
′|,|E|)) isomorphism
lasses of smooth irreduible representations. 
Examples. 1. Let H be the automorphism group of a non-trivial algebraially losed eld
extension F of k of transendene degree at most |k|, e.g., ountable. Let B be the set of stabilizers
of nite subsets in F . Then |B| = sup
U ′∈B
|H/U ′| = |k|, and thus, aording to Proposition A.1 (1),
there are ≤ 2max(|k|,|E|) isomorphism lasses of yli objets of SmH(E). Let U be the (setwise)
stabilizer in H of an algebraially losed subeld F ′ 6= k in F |k of a nite transendene degree.
Note, that if the H-ation on E is trivial then there are
• |Hom(Q×+, E
×)| = max(2|N|, |E|) one-dimensional representations of U , that fator through
the omposition of the surjetive ontinuous homomorphisms U −→ GF ′|k
χ
−→ Q×+, where
χ is the modulus of GF ′|k;
• ≥ |k| smooth irreduible E-representations of H: for eah ellipti urve A over k without
omplex multipliation the smooth representation (A(F )/A(k)) ⊗ E of H is irreduible.
By Proposition A.1 (3), there are exatly 2|N| smooth irreduible E-representations of G, if k and
E are ountable.
Proposition A.1 shows, there are `too many' (≥ max(2|N|, |k|, |E|)) smooth irreduible represen-
tations of G. (This is one of the reasons to study rather IG than SmG(E), where the objets are
supposed to be more ontrollable, sine it is expeted that they are of `ohomologial nature'.)
2. If H is loally ompat, but not unimodular, then there are ≥ max(2rk(χH (H)), |E|) irreduible
representations. E.g., if H is the automorphism group of a non-trivial algebraially losed eld
extension of k of nite transendene degree, we get the bound ≥ max(2|N|, |E|).
A.6. Injetives in SmH(E) and in IG. For any E-vetor spae V , let Maps(H,V ) be the module
of V -valued funtions on H. We endow Maps(H,V ) with the following E-vetor spae struture:
(λf)(x) = xλ · f(x) for any λ ∈ E. The H-module struture on Maps(H,V ) is given by the right
translations of the argument h : f(x) 7→ f(xh) for any h ∈ H.
Dene I(V ) as the smooth part of Maps(H,V ), i.e., I(V ) := lim
−−−→
U ′∈B
Maps(H/U ′, V ). Clearly,
I(V ) is a E-vetor subspae of Maps(H,V ) invariant under the H-ation. More generally, for
any subgroup U ⊂ H denote by IndHU : SmU(E) −→ SmH(E) the smooth indution funtor
V 7−→ lim
−−−→
U ′∈B
MapsU (H/U
′, V ), where MapsU (H/U
′, V ) is the group of U -equivariant maps.
In fat, IndHU is right adjoint to the forgetful funtor Res
H
U : SmH(E) −→ SmU (E):
(3) HomSmH(E)(A, Ind
H
U (V )) = HomE[H](A,MapsU (H,V )) = HomSmU (E)(Res
H
UA,V )
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for any A ∈ SmH(E) and V ∈ SmU(E), where HomE[H](A,MapsU (H,V )) ∋ ϕ 7→ (a 7→ ϕ(a)(1)) ∈
HomE[U ](A,V ); HomE[U ](A,V ) ∋ ψ 7→ (a 7→ (h 7→ ψ(ha))) ∈ HomE[H](A,MapsU (H,V )).
Therefore, if V is an injetive objet in SmU(E) then Ind
H
U (V ) is an injetive objet in SmH(E).
In partiular, it follows from the semi-simpliity of the ategory of E-vetor spaes that its arbitrary
objet is injetive, and thus, I(V ) = IndH{1}(V ) is also injetive. If, moreover, V is a smooth H-
module then V −→ I(V ), v 7→ (h 7→ hv), is a monomorphism in SmH(E). This means that there
are enough injetives in SmH(E).
Lemma A.2 ([Mi℄ Ch.III, Lemma 1.3). If in an abelian ategory there are diret sums, produts, a
generating family and all ltered diret limits are exat then there are enough injetives.
For a subgroup U of H denote by HqSmH (U,−) the q-th derived funtor
5
of H0(U,−) on SmH .
Evidently, HqSmH (U,−) = H
q
SmH
(U,−), where U is the losure of U in H.
In other words, HjSmH (H,−) = Ext
j
SmH
(Q,−) an be dened using the smooth ohains.
Lemma A.3. There is a morphism of funtors H∗SmH (U,−) −→ H
∗
SmU
(U,−) on SmH , whih is
an isomorphism if U is open.
Proof. As the right Z[U ]-module Z[H] is free, the o-indution funtor Z[H]⊗Z[U ] − : SmU −→
SmH is exat. On the other hand, it is left adjoint to the forgetful funtor Res
H
U : SmH −→ SmU ,
and therefore, for any injetive objet I ∈ SmH the funtor HomU (−,Res
H
U (I)) = HomH(Z[H]⊗Z[U ]
−, I) on SmopU is exat. In other words, the forgetful funtor Res
H
U transforms injetives of SmH to
injetives of SmU , and thus, an injetive resolution of W in SmH beomes an injetive resolution
of ResHU (W ) in SmU . 
Remark. Evidently, the morphism of funtors H∗SmH (U,−) −→ H
∗
SmU
(U,−) on SmH , is not an
isomorphism for arbitrary U : if H is topologially simple, e.g. H = G, and U is loally ompat
and not unimodular, e.g. U = GF |F ′ for a subeld F
′ ⊂ F , over whih F is of nite transendene
degree, then H∗SmH (U,Q) = 0 6= H
∗
SmU
(U,Q).
Lemma A.4. Let U ⊂ H be a subgroup, and {U ⊂ Uα ⊂ H}α be a partially ordered olletion
of subgroups, whih is ltering for the neighbourhoods of [1] ∈ H/U , i.e. any neighbourhood of
[1] ∈ H/U ontains Uα/Uα ∩ U ⊂ H/U for some α. Then lim
α−→
HqSmH (Uα, V )
∼
−→ HqSmH (U, V ).
Proof. Let I•(V ) be an injetive resolution of V . By denition, HqSmH (U, V ) = H
q
(
I•(V )U
)
. As
all Ii(V ) are smooth, I•(V )U = lim
α−→
I•(V )Uα . As the diret limits ommute with the ohomology,
Hq
(
lim
α−→
I•(V )Uα
)
= lim
α−→
Hq
(
I•(V )Uα
)
= lim
α−→
HqSmH (Uα,W ), whih ompletes the proof. 
Example. For any subgroup U of H the olletion {〈U,U ′〉}U ′∈B of subgroups of H, generated
by U and the elements of B, satises the assumptions of Lemma A.4.
In this ase lim
α−→
HqSmUα
(Uα,W )
∼
−→ HqSmH (U,W ) by Lemma A.3.
Proposition A.5. For any j ≥ 0 the restrition to SmH(E) of the funtor Ext
j
SmH
(Q,−) oinides
with ExtjSmH (E)(E,−). Clearly, H
0(H,−) = HomH(Q,−) = HomSmH (E)(E,−) on SmH(E).
Proof. This is a partiular ase of [SGA 4 II, Expose V, Corollaire 3.5℄ and follows from the
fat that the objets W of SmH(E) admit anonial injetive resolutions I(W ) → I(I(W )/W ) →
5
As there are enough injetives in SmH the derived funtors of left exat funtors are dened.
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I(I(I(W )/W )/I(W )) → . . . suh that the forgetful funtor SmH(E) −→ SmH transforms them to
injetive resolutions in SmH . The injetivity follows from the above adjointness property (3). 
Corollary A.6. There are enough injetives in SmH(E) and in IG.
Proof. Diret sums and diret produts in SmH(E) and in IG were already dened in Appendix
A.2. Diret limits in all these ategories are diret limits in the ategory of abelian groups, and
therefore, they are exat. For SmH(E) the family (AU = E[H/U ])U∈B is generating. (Clearly, the
diret sum or diret produt of all objets in a generating family of SmH(E) is a generator.) In
the ase E = F for eah positive integer m x a eld extension Km of k of a nite transendene
degree ≥ m. Then (Am = F [G/GF |Km ])m≥1 is another generating family for SmG(F ). The funtor
I , left adjoint to the inlusion IG →֒ SmG, f. [R1℄, transforms any generating family for SmG to
a generating family for IG. 
A.7. Projetives in SmH(E). Reall, f. p.12, that Ĥ := lim
←−U
H/U is a semi-group.
Lemma A.7. The following onditions are equivalent:
(1) there is a loally ompat group H ′ and an equivalene of ategories SmH(E)
∼
−→ SmH′(E);
(2) Ĥ is a loally ompat group, so Ĥ = lim
←−U
U\H, and H −→ Ĥ is an embedding with dense
image suh that the topology of H is indued by the topology of Ĥ;
(3) there exists an open subgroup of H suh that its any open subgroup is of nite index;
(4) there exists a non-zero projetive objet in the ategory SmH(E) for some E;
(5) there exist enough projetive objets in the ategory SmH(E) for any E.
Proof. It is evident that (2) and (3) are equivalent. The impliation (5)⇒(4) is trivial.
(3)⇒(5). Let U be an open subgroup of H suh that its any open subgroup is of nite index.
Then the objets E[H/U ′] are projetive for all open subgroups U ′ of U and form a system of
generators of SmG(E).
(4)⇒(3). Let W ∈ SmH(E) be a projetive objet. Choose a generating system {ej}j∈J of
the representation W . This gives rise to a surjetive homomorphism
⊕
j∈J E[H/Stabej ]
pi
−→ W .
Fix an element i0 ∈ J and for eah j ∈ J x an open subgroup Uj in Stabej ∩ Stabei0 . As W is
projetive, the omposition of π with the surjetion
⊕
j∈J E[H/Uj ] −→
⊕
j∈J E[H/Stabej ] splits,
and therefore, there exists an element in
⊕
j∈J E[H/Uj ] with the same stabilizer as ei0 . This implies
that the spae E[H/Uj ]
Stabei0
is non-zero for some j, and thus, the index of Uj in Stabei0 is nite.
In other words, any open subgroup of Stabei0 is of nite index. 
Examples. 1. In the ase H = G any open subgroup of H ontains an open subgroup of innite
index, and thus, there are no non-zero projetive objets in the ategory SmG(E).
2. If H is loally ompat then there are enough projetives in SmH(E).
A.8. Left exat subfuntors of the forgetful funtor from SmH(E) to the ategory of
E-vetor spaes. The funtors H0(U,−) on SmH(E) for subgroups
6 U ⊆ H are examples of left
exat subfuntors of the forgetful funtor from SmH(E) to the ategory of E-vetor spaes.
Fix a `suiently big' E-vetor spae W0. If dimEW0 > |H/U | for any open subgroup U ⊂ H
then any nitely generated representation of H is embeddable into I(W0).
6
Clearly, H0(U,−) = H0(U ′,−), where U ′ is the intersetion of all open subgroups in H ontaining U .
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Proposition A.8. There is a natural bijetion between the E-vetor subspaes in I(W0), invariant
under the algebra EndE[H](I(W0)) = HomE(I(W0),W0), and left exat subfuntors of the forgetful
funtor from SmH(E) to the ategory of E-vetor spaes.
Namely, any funtor Φ is sent to the subspae Φ(I(W0)). Conversely, as the E-vetor spae W0
is `big enough', any `suiently small' objet of SmH(E) is embeddable into I(W0), and thus, one
an dene Φ(W ) :=W
⋂
Φ(I(W0)), whih is independent of the hoie of the embedding. 
Appendix B. Non-degenerate generially finite orrespondenes and smooth
G-modules oindued from open subgroups
Consider the ategory of smooth k-varieties with the morphisms, given by formal linear om-
binations of non-degenerate generially nite orrespondenes, i.e. irreduible subvarieties in the
produt of the soure and the target, generially nite over a onneted omponent of the soure
and dominant over a onneted omponent of the target: Hom(X,Y ) = ZdimY (k(X) ⊗k k(Y )) for
onneted X and Y .
Then there is a full embedding of this ategory into the ategory of smooth representations of
G, given by X 7→ ZdimX(k(X) ⊗k F ) = Q[{k(X)
/k
→֒ F}]. If we x a k-eld embedding of the
funtion eld k(X) into F then the module ZdimX(k(X) ⊗k F ) of generi 0-yles on XF beomes
Q[G/GF |k(X)]. These G-modules are very ompliated.
One an extrat dimension of X out of W = ZdimX(k(X) ⊗k F ): it is equal to the minimal
q ≥ 0 suh that W
G
F |L 6= 0, where tr.deg(L|k) = q. Also, `birational motivi' invariants `modulo
isogenies', suh as Alb(X), Γ(X,Ω•X|k) = HomG(Ck(X),Ω
•
F |k), an be reovered from W , f. [R1,
R2℄. However, we do not know, whether the birational type of X is determined by W .
The olletion JH(X) of irreduible subquotients of the G-module of generi 0-yles on X over
F is a birational invariant of X. In this setion we give examples of pairs of non-birational varieties
X and Y , with the same olletions JH(X) and JH(Y ). It is not even exluded that JH(X) depends
only on dimX (and moreover, it is not even shown yet that it does depend on X 6= Spec(k)).
To show the inlusion JH(X) ⊇ JH(Y ), it sues to onstrut a G-embedding of ZdimX(k(Y )⊗k
F ) into a artesian power of ZdimX(k(X)⊗k F ). For any generially nite map X −→ Y the pull-
bak indues a desired embedding ZdimX(k(Y )⊗k F ) →֒ Z
dimX(k(X) ⊗k F ). (This is a partiular
ase of the following situation. Let U ⊂ U ′ ⊂ H be subgroups, and let index of U in U ′ be nite.
Then [u] 7→
∑
h∈H/U, hU ′=uU ′ [h] gives a natural H-embedding E[H/U
′] →֒ E[H/U ].)
Proposition B.1 ([R1℄, Corollary 7.3). Let Z be a k-variety, Z ′ be a generially twofold over of Z,
X = Z×P1 and Y = Z ′×P1. Then there are G-embeddings ZdimX(k(X)⊗kF ) →֒ Z
dimX(k(Y )⊗kF )
and ZdimX(k(Y )⊗k F ) →֒ Z
dimX(k(X) ⊗k F ), so JH(X) = JH(Y ).
This results from the following ombinatorial laim ([R1, Lemma 7.2℄).
Let H be a group and U and U ′ be subgroups of H suh that U
⋂
U ′ is of index two in U :
U = (U
⋂
U ′)
⋃
σ(U
⋂
U ′). Suppose that τ1 · · · τN 6= 1 for any integer N ≥ 1 and for any olletion
τ1, . . . , τN ∈ U
′σ r U . Then the morphism of E-representations E[H/U ]
[ξ] 7→[ξσ]+[ξ]
−−−−−−−→ E[H/U ′] of H
is injetive.
Proposition B.2 ([R1℄, 7.4). Fix an odd integer m ≥ 1, and let the ane (m − 1)-dimensional
k-variety Y be given by equation
∑m
j=1 x
d
j = 1, where d ∈ {m+1,m+2}. Let X be the quotient of Y
by 〈e1e
2
2 · · · e
m
m〉, where eixj = ζ
δij ·xj for a primitive d-th root of unity ζ. Then JH(X) = JH(P
m−1
k ).
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Proposition B.3. Let U be a subgroup of H and g1, . . . , gN be involutions in NHU/U , generating
an innite subgroup of NHU/U . Then the natural map of E-representations r : E[H/U ] −→⊕N
j=1E[H/〈U, gj〉] of H is injetive.
In partiular, if g1, . . . , gN are rational involutions of a k-variety X, generating an innite group,
then the natural G-morphism ZdimX(k(X) ⊗k F ) −→
⊕N
j=1 Z
dimX(k(X)〈gj 〉 ⊗k F ) is injetive.
Proof. If a non-zero 0-yle α is in the kernel of r, and P is a point in the support of α, then the
support of α ontains the 〈g1, . . . , gN 〉-orbit of the point P . As this orbit is innite, but the support
of α is nite, we get the ontradition, i.e., α = 0. 
Examples. 1. Let X be an algebrai k-group, g1 : x 7→ x
−1
and g2 : x 7→ h ·x
−1
, where h ∈ X(k)
is a point of innite order. Then the E-representations E[{k(X)
/k
→֒ F}] and E[{k(K(X))
/k
→֒ F}]
of G have the same irreduible subquotients, where K(X) is the quotient of X by the involution g1
(the Kummer variety).
2. Let X =
∏N
j=1 Yj be a produt of generially twofold overs Yj of projetive spaes (e.g.,
hyperellipti urves) over k, at least one of whih, for example Y1, is a urve of genus ≤ 1. Then
there are embeddings of G-representations Zd(k(X) ⊗k F ) →֒
⊕N
i=1 Z
d(k(
∏
1≤j≤N, j 6=i Yj)(P
di) ⊗k
F )1+δ1i →֒ Zd(k(Pd)⊗k F )
N+1
, where di = dimYi and d = dimX. In partiular, JH(X) = JH(P
d
k).
Appendix C. Differential forms and ohomologies
For any eld extension L|k let HqdR/k,c(L) be the image in H
q
dR/k(L) := coker[Ω
q−1
L|k
d
−→ ΩqL|k,closed]
of lim
−→
Hq
dR/k
(X), where X runs over smooth proper models of subelds in L of nite type over k.
If L is algebraially losed, this is an admissible representation of GL|k over k, f. the footnote
on p.9. This is a remarkable objet and its struture reets several, so far onjetural, relations
between the ohomology and algebrai yles. E.g., when k = C the Hodge general onjeture is
equivalent to the vanishing of any Hodge substruture in Hqsing,c(L) with h
q,0 = 0. In other words,
it is equivalent to the vanishing of the subrepresentation N1Hqsing,c(F ), whih is by denition the
maximal Hodge substruture in Hqsing,c(F ) with h
q,0 = 0.
The Hodge ltration on Ω•X|k indues a desending ltration on H
q
dR/k,c(L) with the graded
quotients Hp,q−pL|k = lim−→
coker[Hp−1(D,Ωq−p−1D|k ) −→ H
p(X,Ωq−pX|k)], where (X,D) runs over the pairs
onsisting of a smooth proper variety X with k(X) ⊂ L and a normal rossing divisor D on X with
smooth irreduible omponents. More partiularly, Hq,0L|k = Ω
q
L|k,reg ⊂ H
q
dR/k,c(L).
It is easy to see that the restritions of ΩqF |k,reg and of H
q
sing,c(F )/N
1
to any ompat subgroup
U of G ontain the same irreduible representations of U . Indeed, any nite group Γ ating on a
smooth proper omplex variety X indues automorphisms of the Hodge struture Hqsing(X). For
any irreduible representation ρ of Γ the element pρ =
deg ρ
|Γ|
∑
γ∈Γ trρ(γ
−1)γ ∈ Q[Γ] is a projetor
to the ρ-isotypial part. Then pρH
q
sing(X) ⊆ H
q
sing(X)Q is a Hodge substruture, and therefore,
Γ(X,ΩqX) and H
q
sing(X)/N
1
ontain the same irreduible representations of Γ.
Proposition. Suppose that the ardinality of k is at most ontinuum. Fix an embedding ι : k →֒ C
into the eld of omplex numbers. Then
• there is a non-anonial Q-linear isomorphism Hp,qF |k
∼= H
q,p
F |k, and a C-anti-linear anonial
isomorphism (depending on ι) Hp,qF |k ⊗k,ι C
∼= H
q,p
F |k ⊗k,ι C;
• the representation HndR/k,c(L) of GL|k is semi-simple for any algebraially losed L of a nite
transendene degree n over k (and in partiular, ΩnL|k,reg is also semi-simple).
Proof.
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• The omplexiation of the projetion F pHp+qdR/k(X) −→ H
q(X,ΩpX|k) identies the spae
F pHp+qdR/k(X)⊗k,ι C ∩ F
qHp+qdR/k(X) ⊗k,ι C with H
q(X,ΩpX|k)⊗k,ι C, where F
•
is the Hodge
ltration. Then the omplex onjugation on Hp+q(Xι(C),C) = H
p+q(Xι(C),R)⊗R C iden-
ties Hq(X,ΩpX|k)⊗k,ι C with H
p(Xι(C),Ω
q
Xι(C)
) = Hp(X,ΩqX|k)⊗k,ι C.
• The semi-simpliity of HndR/k,c(L) is equivalent to the semi-simpliity of the representation
C⊗k,ιH
n
dR/k,c(L) =
⊕
p+q=nC⊗k,ιH
p,q
L|k of GL|k. For the latter note that there is a positive
denite GL|k-equivariant hermitian form (C⊗k,ιH
p,q
L|k)⊗id,C,c(C⊗k,ιH
p,q
L|k) −→ C(χ), where c
is the omplex onjugation and χ is the modulus of GL|k, given by (ω, η) =
∫
Xι(C)
in
2+2qω ∧
η · [GL|k(X)] for any ω, η ∈ H
p,q
prim(Xι(C)) = C ⊗k,ι H
q
prim(X,Ω
p
X|k) ⊂ C ⊗k,ι H
p,q
L|k. Here
Hp,qprim(Xι(C)) denotes the subspae orthogonal to the sum of the images of all Gysin maps
Hp−1,q−1(D) −→ Hp,q(Xι(C)) for all desingularizations D of all divisors on Xι(C). 
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